We construct explicit Darboux transformations of arbitrary order for a class of generalized, linear Schrödinger equations. Our construction contains the well-known Darboux transformations for Schrödinger equations with position-dependent mass, Schrödinger equations coupled to a vector potential and Schrödinger equations for weighted energy.
Introduction
The Darboux transformation (also called supersymmetric factorization method) is one of the most important tools for generating integrable cases of quantum mechanical equations. Originally developed as a mathematical transformation that relates solutions of ordinary differential equations to each other [1] , in the context of quantum mechanics the Darboux transformation was first found to be applicable to the linear stationary Schrödinger equation [2] . Ever since then, Darboux transformations have been constructed for a variety of linear and nonlinear equations, e.g. the Dirac equation [3, 4] , the nonlinear Schrödinger equation [5] (in fact here all classical nonlinear equations are considered), the Korteweg-de-Vries equation [6] , the sine-Gordon equation [6] and many more. Among these equations that allow for Darboux transformations there is the class of linear generalizations of the Schrödinger equation, such as Schrödinger equations with positiondependent (effective) mass [7] , Schrödinger equations coupled to a magnetic field [8] and Schrödinger equations with weighted energy [9] . All these equations are linear and of second order, and all of them allow for the construction of certain Darboux transformations. The purpose of the present note is to show that these particular Darboux transformations are special cases of a general Darboux transformation which belongs to a generalized Schrödinger equation. We construct the Darboux transformation for this generalized Schrödinger equation in explicit form and demonstrate its correct reduction for the special cases mentioned above. The remainder of this note is organized as follows: in Section 2 we review the Darboux transformation for the conventional Schrödinger equation. We summarize and discuss our results in Sections 2 and 3, respectively. Finally, Section 4 is devoted to the derivation of our results.
Preliminaries: the Darboux transformation
In this section we summarize main properties of the Darboux transformation for the Schrödinger equation, for more details and proofs see e.g. [10, 11] . Consider the Schrödinger equation
where is a real, positive constant and V denotes the potential. Let Ψ be a solution of equation (1) at energy E ∈ R and let , = 1 , be auxiliary (that is, not necessary physically meaningful) solutions of equation (1) at energies λ ∈ R with λ = λ and λ = E, = 1 . Define the -th order Darboux transformation of Ψ as
where W ( ) Ψ and W are the Wronskians of 1 2 Ψ and of 1 2 , respectively. Then the function Φ as defined in (2) solves the Schrödinger equation
where the transformed potential U reads
In the particular case = 1, the Darboux transformation (2) has the form
Hence, the Darboux transformation (5) connects the solutions Ψ and Φ of the Schrödinger equations (1) and (3), respectively. The -th order Darboux transformation (2) can always be written as an n-fold iteration of first-order Darboux transformations [10, 12] .
Summary of results
We consider the following generalized Schrödinger equation
where the constant E is referred to as the energy. Furthermore, and the potential V are arbitrary functions. Note that one of these functions is obsolete, as by division it can be absorbed into the remaining ones but, for the sake of generality, we consider the generalized Schrödinger equation in this form (6) . Let Ψ be a solution of equation (6) at energy E ∈ R and let , = 1 , be auxiliary solutions of equation (6) at energies λ ∈ R with λ = λ and λ = E, = 1 . Define the -th order Darboux transformation of Ψ as
This function Φ is a solution of the generalized Schrödinger equation
The transformed potential function U is given explicitly by the following expression:
where the function F is defined as
Thus, the Darboux transformation (7) interrelates the solutions Ψ and Φ of the generalized Schrödinger equations (6) and (8), respectively. Furthermore, the -th order Darboux transformation (7) can be written as an n-fold iteration of the first-order Darboux transformation (that is, (7) for = 1).
Properties and special cases
Here, we discuss properties and special cases of the Darboux transformation introduced above. We begin with the first-order Darboux transformation.
First-order case.
In the first-order case we take = 1 in the Darboux transformation (7) to obtain
As can be seen from the expicit form (9) of the transformed potential U, for = 1 the middle terms in the second and third line vanish. Thus, the transformed potential takes the form
We have left out the explicit form of F as given in (10) , as the resulting long expression would not be very instructive.
A completely expanded version of the general transformed potential (9) can be found in the next section.
Special case 1: conventional Schrödinger equation.
It is immediately clear that, for a conventional Schrödinger equation with = = 1 and = 0, the Darboux transformation (7) and the transformed potential (9) simplify to the corresponding expressions (2) and (4), respectively.
Special case 2: effective mass Schrödinger equation.
The Schrödinger equation with effective mass reads
This is a special case of the generalized Schrödinger equation (6) with the following criteria for the functions , and :
( ) = 1
If we insert these settings into the Darboux transformation (7), we obtain
which is exactly the Darboux transformation for Schrödinger equations with effective mass [7] . Note that the factor √ 1/2 is irrelevant and can be absorbed into a normalization constant. On inserting the settings (11)-(13) into the transformed potential U as given in (9) and simplifying, we obtain
which coincides with the known result [7] .
Special case 3: weighted energy equation.
In [9] the following Schrödinger equation with weighted energy
was considered and a first-order Darboux transformation constructed. This construction was done by evaluating an intertwining relation for Hamiltonians associated with equation (14). Since the latter equation is a special case of our generalized Schrödinger equation (6) for = 1 = 0, we can immediately state the -th Darboux transformation, which we infer from (7):
This Darboux transformation coincides with the result in [9] for = 1:
The transformed potential reads after substitution of = 1 and = 0 into (9):
( )
The first-order case = 1 reads
( ) which coincides with the findings in [9] .
Proof of results
We construct the Darboux transformation by mapping the generalized Schrödinger equation (6) to a conventional Schrödinger equation, performing the conventional Darboux transformation and then restoring it to the generalized form.
The point transformations.
Consider the generalized Schrödinger equation (6) and apply the following point transformation to its solution Ψ:
where the transformation function F and the new coordinate are given by
The point transformation (15)-(17) converts the generalized Schrödinger equation (6) into a conventional Schrödinger equation:
where the function reads explicitly (17) at . Since the transformed equation (18) is a Schrödinger equation, we can apply the -th order Darboux transformation:
This function φ then solves the Schrödinger equation
where the additional potential term reads
Now we apply the inverse of the point transformation (15)-(17) to equation (20), in order to reinstate the generalized form (6): we set
where ( ) denotes the value of the inverse of (17) at .
The transformation (22) takes equation (20) back into the form ( ) Φ ( ) + ( ) Φ ( ) + (E ( ) − U( )) Φ( ) = 0 (23)
Our task is now to determine the explicitly the solution Φ and the transformed potential U.
The Darboux transformation.
We start at the Darboux transformation (19), where we must replace the auxiliary solutions of (18) by auxil-iary solutions of the generalized Schrödinger equation (6) . Furthermore, we have to rewrite the derivatives with respect to in (19), such that they become derivatives with respect to the initial variable . The auxiliary functions in (19) are related to auxiliary solutions of the generalized Schrödinger equation (6) via the point transformation (15), that is,
Note that we did not change the name of the function F , although we expressed it through the variable . Now we can rewrite the Darboux transformation (19) of the TDSE (18) as
where the auxiliary solutions have been replaced by (24) and ψ has been replaced by means of the point transformation (15). Now each entry of the Wronski determinants contains a factor exp(−F ), included in the derivatives. According to [13] , this factor can be pulled out, giving
Now, the Wronski determinants depend on auxiliary solutions of the original TDSE (6), expressed through the variable . We will now reinstall the initial variable in (26), which involves rewriting the derivatives in the Wronskians. The necessary procedure has been described before [7] , but for the sake of completeness we repeat it here. Let us thus explain our approach by considering the Wronski determinant W ( ) . Note that in the following we omit arguments in order to keep the notation short.
Here we have expressed the derivatives with respect to by derivatives with respect to . We have not displayed all the rows, as the continuation of the derivative rewriting is obvious. Now we pull out the factor from the second row and use = 1/ :
Next, we pull out the factor ( ) 2 from the third row:
We multiply the second row with / 2 and subtract this from the third row:
We continue this scheme by pulling out ( ) 3 from the fourth row and make its entries read , and so on. After dealing with all rows we arrive at (recall that = ( ) is given in (17))
Analogously, we obtain for the Wronski determinant W ( ) Ψ in (26):
Note that this Wronski matrix has one row and column more than the Wronski matrix W ( ) , therefore the exponents of the factor in front differ. Now, on inserting both (27) and (28) into (26), we obtain by means of (25) that
This we substitute in (22) and get the result
This is the desired Darboux transformation (7) between the solutions Ψ and Φ of the generalized Schrödinger equations (6) and (23).
The transformed potential.
We now compute the explicit form of the transformed potential U in (23). To this end, we need to rewrite (21) in terms of the variable , which includes changing the derivatives in the Wronskian. First we note that the second derivative of the logarithm in (21) changes as follows: 
